Abstract. Given two non-empty subsets W, W ⊆ G in an arbitrary abelian group G, W is said to be an additive complement to W if W + W = G and it is minimal if no proper subset of W is a complement to W . The notion was introduced by Nathanson and previous work by him, Chen-Yang, Kiss-Sàndor-Yang etc. focussed on G = Z. In the higher rank case, recent work by the authors treated a class of subsets, namely the eventually periodic sets. However, for infinite subsets, not of the above type, the question of existence or inexistence of minimal complements is open. In this article, we study subsets which are not eventually periodic. We introduce the notion of "spiked subsets" and give necessary and sufficient conditions for the existence of minimal complements for them. This provides a partial answer to a problem of Nathanson.
1. Introduction 1.1. Motivation and Background. Let (G, +) be an abelian group and W ⊆ G be a nonempty subset. A nonempty set W ⊆ G is said to be an additive complement to W if W + W = G. Given any non-empty set, it is clear that a complement always exist (namely, take the whole group to be the complement). So the set of all additive complements to a particular set W , is non-empty. Also, the above set of complements is partially ordered (by inclusion). The whole group G is a maximal (and also maximum) element. However, the question of existence of a minimal element is tricky. It depends on the structure of the set W . Nathanson in 2011 introduced the notion of a minimal complement. Definition 1.1 (Minimal complement). A complement W to W is said to be minimal if no proper subset of W is a complement to W , i.e., W + W = G and W + (W \ {w }) G ∀w ∈ W .
It was shown by Nathanson (see [Nat11, Theorem 8] ) that for a non-empty, finite subset W in the additive group Z, any complement to W has a minimal complement. In the same paper he posed some general questions on existence of minimal complements.
Question 1. [Nat11, Problem 11] "Let W be an infinite set of integers. Does there exist a minimal complement to W ? Does there exist a complement to W that does not contain a minimal complement?" Question 2. [Nat11, Problem 12] "Let G be an infinite group, and let W be a finite subset of G. Does there exist a minimal complement to W ? Does there exist a complement to W that does not contain a minimal complement?" Question 3.
1 [Nat11, Problem 13] Let G be an infinite group, and let W be an infinite subset of G. Chen and Yang were the first to give a partial answer to Question 1. They constructed two infinite sets W 1 and W 2 such that, every complement to W 1 always contains a minimal complement whereas, there exists a complement to W 2 that does not contain a minimal complement [CY12] . Later, Kiss-Sàndor-Yang constructed a class of infinite sets in Z which they called "eventually periodic sets" and gave necessary and sufficient conditions for these sets to have a minimal additive complement in Z [KSY19] .
All the above dealt with Question 1. In a recent work, we answered Question 2 completely and gave the first partial solution to Question 3 (see [BS18, Theorems 2.1, 4.9, 4.12, 4.23]). For the latter, a part of the method was to define a notion of eventually periodic sets in the free abelian group Z r of rank r ≥ 1. Further, taking the product of these eventually periodic sets in Z r with finite groups, we gave conditions for sets in arbitrary finitely generated abelian groups to have additive minimal complements (see [BS18, Theorem 5 .6]). However, not all infinite subsets in an arbitrary finitely generated abelian group (or even a free abelian group of finite rank) are of the above form. Thus, for a complete understanding of the question we have to consider subsets which don't fall in the purview of the above.
Statement of results.
First, we show that minimal complements of sets do not "escape" when the sets are confined inside some proper subgroup of a larger group.
Theorem A (Theorem 2.3). Let G be a group and W be a nonempty subset of G. Then the following statements are equivalent.
(1) W admits a minimal complement in G.
(2) W admits a minimal complement in H for any subgroup H of G containing W . (3) W admits a minimal complement in H for some subgroup H of G containing W .
This is a crucial and satisfactory phenomenon in arbitrary groups as it allows one to concentrate only inside the subgroup generated by the set (the existence of whose minimal complement we seek to investigate). As an example suppose (d 2) and show a sufficient condition for the existence of minimal complements and its relation with the moderation function. Specifically, Theorem B (Theorem 4.6). Let u : Z k → Z be a function. Let B be a subset of Z k admitting a minimal complement M in Z k . Then u admits a moderation and for any moderation v of u, the subset
k+1 is a minimal complement of any subset X of Z k+1 satisfying
See also Prop. 4.4. From the above theorem and proposition we give classes of (via corollaries and remarks -see Cor. 4.8, Cor. 4.9, Remark 4.10) subsets of the free abelian groups admitting minimal complements. Now, we shift our attention to general abelian groups. We define the notion of spiked subsets in this setting and show a necessary and sufficient condition for them to have minimal complements. Theorem C (Theorem 5.6). Let G 1 , G 2 be subgroups of G such that the intersection G 1 ∩ G 2 is trivial and G 2 is free of positive rank. Let B be a nonempty subset of G 1 . Then the following statements are equivalent.
(1) B admits a minimal complement in G.
(2) B admits a minimal complement in G 1 . (3) Any (u, ϕ)-bounded spiked subset of G with respect to G 1 , G 2 , having B as its base, admits a minimal complement in G 1 × G 2 which is the graph of any ϕ-moderation of u restricted to some subset of G 1 . (4) Some (u, ϕ)-bounded spiked subset of G with respect to G 1 , G 2 , having B as its base, admits a minimal complement in G 1 × G 2 which is the graph of any ϕ-moderation of u restricted to some subset of G 1 .
Cor. 5.8 allows one to rotate (rational rotation) the sets in Z 2 without hampering the existence of the minimal complement. Then, we show Cor. 5.9 which allows us to construct (and conclude) other sets admitting minimal complements [see Example 5.10]. Finally, we show a more general result:
Theorem D (Theorem 5.12). Let G 1 , G 2 be subgroups of an abelian group G such that G 2 is free of positive rank, G 1 ∩ G 2 is trivial. Let B be a subset of G 1 with minimal complement M in G 1 . Let u : G 1 → G 2 be a function and
be an isomorphism. Let G 2 be a subgroup of G 2 of finite index and g 2 be an element of G 2 . Let X be a subset of G containing BG 2 and contained in
Then u admits a G 2 -valued ϕ-moderation and the graph M v of the restriction v | M of such a moderation v to M , i.e.,
This finishes our analysis of truncated subsets and non-truncated (spiked) subsets in finitely generated abelian groups providing a comprehensive description of sets which were unknown to have minimal complements or not. The claimed partial answer to [Nat11, Problem 13] follows.
1.3. Plan of the paper. The article is divided into 6 main sections.
(1) Introduction -Here we give the background, motivation and results. 
Generalities
We begin Section 2 by stating a well known and useful lemma about the behaviour of minimal complements when the set is translated by an element of the group. The proof is elementary. For completeness sake, we furnish the proof here. Proof. If M is a minimal complement of a subset W of a group G, then for any g ∈ G, M g is a complement to W since W M g = (W M )g = Gg = G. Moreover, M g is also a minimal complement to W . Otherwise, for some m ∈ M , M g \ {mg} would be a complement to W , which would imply
, which is absurd. Now, we discuss the possible answers to Questions 3(a), (b) (see Table 1 ). We give an example in Lemma 2.2 indicating that Question 3(a),(b) could have answers in affirmative and negative respectively (for the same subset W of G = Z 2 ).
Answers to Examples and Remarks
Each of the sets {(0, 0), (1, 0)}, {(0, n) | n ∈ N} is a complement to it. The first is a minimal complement. However, the second i.e., 
Any subset S containing two points of Z 2 with distinct x-coordinates is a complement to W and a minimal complement to W . Any infinite subset
Since any infinite subset C of {(0, n) | n ∈ N} is a complement to {(x, y) ∈ Z 2 | y < 0}, the set C also a minimal complement to W . So any infinite subset of C is also a complement to W , and hence C is not a minimal complement to W .
Minimal complements of confined subsets. A natural question is to ask
what happens to the minimal complement of a set when the set itself is confined inside some proper subgroup of a larger group. It will be a satisfactory phenomenon if the minimal complement does not "escape" in the sense that if we consider a subset of G which is contained in a proper subgroup, then the existence of its minimal complement in G is equivalent to the existence of its minimal complement in some (or any) proper subgroup which contains the set. We show that this is indeed the case.
Theorem 2.3. Let G be a group and W be a nonempty subset of G. Then the following statements are equivalent.
Proof. Let M be a minimal complement of W in G. Let H be a subgroup of G containing W . Let {M λ } λ∈Λ denote the equivalence classes of M with respect to the equivalence relation defined by
2 ∈ H for elements m 1 , m 2 ∈ M. Note that G is equal to the disjoint union λ∈Λ W M λ . Let λ 0 be the unique element of Λ such that M λ 0 ⊆ H, i.e., M λ 0 = M ∩ H. Note that it is a minimal complement to W in H. Hence the second statement holds.
It remains to prove that the third statement implies the first statement. Assume that the third statement holds, i.e., for some subgroup H of G containing W , the set W admits a minimal complement M in H. Let {g λ } λ∈Λ be a set of right coset representatives of H in G. Note that ∪ λ∈Λ M g λ is a complement of W in G. Since G is the disjoint union of the subsets W M g λ and M is a minimal complement to W in H, it follows that ∪ λ∈Λ M g λ is a minimal complement of W in G.
Subsets truncated along lines
In this section, we study subsets of Z 2 which are bounded by graphs of functions.
Proposition 3.1. Let W be a subset of Z 2 of the form
where A is a nonempty subset of Z and u : A → Z denotes a function. Then W does not admit any minimal complement in Z 2 . Similarly, no subset of Z 2 of the form ∪ a∈A {a} × (u(a), ∞) admits a minimal complement in Z 2 where A is a nonempty subset of Z and u : A → Z denotes a function.
Proof. Let C be a complement of W in Z 2 . Fix an element c of C. Since W is strictly contained in Z 2 , any of its translates by an element of Z 2 is also strictly contained in Z 2 . So C contains at least two elements. Hence C \ {c} is nonempty. Note that for each w in W , there exists a positive integer n w such that
Then, c + w + (0, n w ) ⊆ c + W for any w ∈ W . So for each w ∈ W , there exists an element c w ∈ C such that c + w + (0, n w ) ⊆ c w + W.
Since for any positive integer n, the set W contains w − (0, n) for each w ∈ W , it follows that c + W ⊆ c w + W.
Consequently, C \ {c} is also a complement to W . Hence W admits no minimal complement.
Note that a subset of Z 2 admits a minimal complement in Z 2 if and only if its image under any automorphism of Z 2 admits a minimal complement. Moreover, W is the union of certain lines truncated above if and only if σ(W ) is the union of certain lines truncated below where σ denotes the automorphism of Z 2 given by σ : (x, y) → (x, −y).
Hence the second statement follows from the first statement.
From Proposition 3.1, we obtain the following corollary.
Corollary 3.2. Let W + (resp. W − ) denote the subset of Z 2 consisting of points lying above (resp. below) the parabola Y = X 2 , i.e.,
More generally, we have the following result.
Corollary 3.3. Let f : Z → R be a function and let W ± denote the subset of Z 2 defined by
None of the subsets W + , W − admit any minimal complement in Z 2 [see Fig.2 and Fig. 3] .
Figure 2. Cor. 3.3. W + and W − with a parameter t. For any t ∈ Z, they don't admit any minimal complement in Z 2 . In the figure, graph of t = −11 is shown.
Figure 3. Cor. 3.3. W + and W − with a parameter t. For any t ∈ Z, they don't admit any minimal complement in Z 2 . In the figure, graph of t = 11 is shown.
Proof. Since W + is the union of the truncated lines
and W − is the union of the truncated lines
by Proposition 3.1, it follows that none of W + , W − admit any minimal complement in Z 2 .
Proposition 3.4. Let G 1 , G 2 be abelian groups and G 2 be free of positive rank. Let
be an isomorphism, A be a subset of G 1 and u : G 1 → G 2 be a function. Then none of the subsets
Proof. The proof is similar to the proof of Proposition 3.1.
From Proposition 3.4, we obtain the following corollaries:
Corollary 3.5. Let W + (resp. W − ) denote the subset of Z 2 consisting of points lying on the right (resp. left) of the parabola X = Y 2 , i.e.,
None of the subsets Corollary 3.6. Let W + (resp. W − ) denote the subset of Z 2 consisting of points lying 'above' (resp. 'below') the parabola Y = X 2 rotated clockwise by 45 • , i.e.,
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None of the subsets W + , W − admit any minimal complement in Z 2 [see Fig.5 ].
Proof. Let G 1 , G 2 denote the subgroups {0} × Z, {(x, y) ∈ Z 2 | y = x} of Z 2 respectively. Note that Z 2 is equal to G 1 G 2 , which we identify with G 1 × G 2 via the product map. Let ϕ : G 2 ∼ − → Z denote the map given by ϕ(x, y) = x, (x, y) ∈ G 2 , u : G 1 → G 2 denote the map given by
and u : G 1 → G 2 denote the map given by
Then it follows that
By Proposition 3.4, the corollary follows. 
None of the subsets W + , W − admit any minimal complement in Z 2 [see Fig.6 ].
Figure 6. Cor. 3.7. W + and W − with a parameter t. For any t ∈ Z, they don't admit any minimal complement in Z 2 . In the figure, graph of t = 13 is shown.
Corollary 3.8. Let f : Z → R be a function and let W + (resp.W − ) denote the subset of Z 2 lying 'above' (resp. 'below') the graph of Y = f (X) rotated clockwise by an angle θ, i.e.,
If tan θ is rational 2 , then none of the subsets W + , W − admit any minimal complement in Z 2 .
Proof. Suppose a, b are integers with no common factor and tan θ = a b
. Choose integers c, d such that ad − bc = −1. Let G 1 , G 2 denote the subgroups {(x, y) ∈ Z 2 | cx = dy}, {(x, y) ∈ Z 2 | ax = by} of Z 2 respectively. Note that Z 2 is equal to G 1 G 2 , which we identify with G 1 × G 2 via the product map. Let ϕ : G 2 ∼ − → Z denote the map given by
where
2 tan π 2 is to be interpreted as " 1 0 ' and hence as a rational.
By Proposition 3.4, the corollary follows.
In higher dimensions, the parabola is replaced by an n-dimensional paraboloid.
Corollary 3.9. Let n be a positive integer. Let W + (resp. W − ) denote the subset of Z n+1 consisting of points lying above (resp. below) the n-dimensional paraboloid
Corollary 3.10. Let n be a positive integer. Let f : Z n → R be a function and let W ± denote the subset
of Z n+1 . None of the subsets W + , W − admit any minimal complement in Z n+1 .
Proof. Note that W + is the union of the truncated lines
as (m 1 , · · · , m n ) varies in Z n , and W − is the union of the truncated lines
as (m 1 , · · · , m n ) varies in Z n . So by Proposition 3.4, it follows that none of W + , W − admit any minimal complement in Z n+1 .
Subsets containing lines (spiked subsets)
In the following, k denotes a positive integer.
Z is said to be a moderation of u if for each x 0 ∈ Z k , the function
defined on Z k is bounded above.
For each x ∈ Z k and for each positive integer n, let B(x, n) denote the set of elements y in Z k such that ||x − y|| 2 < n holds.
Definition 4.2 (Spiked subsets).
A subset X of Z k+1 is said to be a spiked subset if it satisfies
for some nonempty subset B of Z k and some function u : Z k → Z. The set B is called the base of X. Proof. Suppose there exists an eventually periodic subset W of Z d for some integer d ≥ 2 such that W is spiked. So certain translate W of W contains a subgroup of Z d of rank one and hence contains the inverse of infinitely many of its elements. Note that W is also an eventually periodic subset of Z d , and no eventually periodic subset contains the inverses of infinitely many of its elements. This proves the first statement. Then the second statement follows from the first statement.
Proof. For any x ∈ Z k , we have
Suppose M v is not a minimal complement of X in Z k+1 . Then for some x ∈ M , the set M v \ {(x , v(x ))} is also a complement of X. Since M is a minimal complement to B, it follows that
Since v is a moderation of u, it follows that there exists an integer m 0 such that
Note that if ({x} × (−∞, u(x))) + (y, v(y)) ⊆ {x 0 } × Z for some elements x, y ∈ Z k , then y is equal to x 0 − x and hence
This contradicts the assumption that M v is not a minimal complement of X in Z k+1 . Hence the result follows.
Lemma 4.5. Any function u : Z k → Z admits a moderation.
Since ||x|| 2 < ||x 0 || 2 holds only for finitely many elements of x ∈ Z k , it follows that v is a moderation of u. This proves the result.
Theorem 4.6. Let u : Z k → Z be a function. Let B be a subset of Z k admitting a minimal complement M in Z k . Then u admits a moderation and for any moderation v of u, the subset Corollary 4.8. Let W denote the subset of Z 2 consisting of points lying below the parabola Y = X 2 and points lying on the y-axis, i.e.,
is a minimal complement of W in Z 2 [see Fig.7 ].
Proof. Let u, v : Z → Z denote the functions defined by
Then for any fixed t 0 ∈ Z, it follows that
for any t ∈ Z. Hence v is a moderation of u. Since Z is a minimal complement of {0} in Z, it follows from Theorem 4.6 that M is a minimal complement of W . Corollary 4.9. Let n be a positive integer. Let W denote the subset of Z n+1 consisting of points lying below the n-dimensional paraboloid X n+1 = X 2 1 + · · · + X 2 n and points lying on the line X 1 = · · · = X n = 0, i.e.,
is a minimal complement of W in Z n+1 . More generally, for any nonempty finite subset A of Z n , the set
Proof. Let u, v : Z n → Z denote the functions defined by
Hence v is a moderation of u. Since Z n is a minimal complement of {(0, · · · , 0)} in Z n , it follows from Theorem 4.6 that M is a minimal complement of W .
By [BS18, Theorem 2.1], any nonempty finite subset A of Z n admits a minimal complement B in Z n . From Theorem 4.6, it follows that
Remark 4.10. Note that if u is a polynomial function, then v can also be taken to be some appropriate polynomial. Indeed, if x 1 , · · · , x n are integers and i 1 , · · · , i n are non-negative integers, then the inequalities
hold. Hence given a nonzero polynomial u ∈ Z[X 1 , · · · , X n ] of degree d, there exists a positive integer k such that the function u : Z n → Z is less than or equal to the polynomial function p : Z n → Z defined by,
n ) is a moderation of u.
Spiked subsets in arbitrary abelian groups
In the following, G denotes an abelian group. The k-fold product Z k of Z is assumed to be equipped with the dictionary order induced by the order of Z.
Definition 5.1 (Spiked sets in abelian groups). A subset X of G is said to contain spikes if there exist subgroups G 1 , G 2 of G such that (1) G 2 is free of positive rank,
(4) X contains g 1 G 2 for some g 1 ∈ G 1 . In this situation, we say that X is spiked with respect to G 1 , G 2 , and the set
is called the base of the spiked set X with respect to G 1 , G 2 .
The groups G 1 , G 2 as above have trivial intersection and hence the map
The main guiding example is
Definition 5.3 (moderation in abelian groups). Let F 1 be an abelian group, F 2 be a free abelian group of positive rank and u : F 1 → F 2 be a function. Given an isomorphism ϕ :
we say that a function v :
is bounded above on each fibre of the map
Proposition 5.4. Let F 1 be a finitely generated abelian group, F 2 be a free abelian group of positive rank. For any isomorphism
any function u : F 1 → F 2 admits a ϕ-moderation v : F 1 → F 2 . Moreover, for any isomorphism ϕ :
and any subgroup F 2 of F 2 of finite index, any function u :
Proof. Note that any finitely generated abelian group can be equipped with a metric such that any ball contains only finitely many elements. Indeed, by the structure theorem of finitely generated abelian groups, such a group G can be thought of as a subgroup of the product of a free abelian group of finite rank and finitely many copies of the unit circle. This induces a metric on G such that any ball at any point with any radius contains only finitely many elements. For each positive integer n and x ∈ F 1 , let
For each x ∈ F 1 , choose an element of y x of F 2 such that ϕ(y x ) is greater than or equal to any element of the nonempty finite set
Define a map v :
, and hence
Since d(x, 0) < d(x 0 , 0) holds only for finitely many elements of x ∈ F 1 , it follows that v is a ϕ-moderation of u. This proves the existence of a moderation of u.
To prove the second part, choose a finite set C of coset representative of F 2 in F 2 . For each x ∈ F 1 , let c x denote the unique element of C such that v(x) − c x lies in F 2 . Define v :
Since C is a finite set, it follows that v is a F 2 -valued ϕ-moderation of u.
Lemma 5.5. Let F 1 be an abelian group, F 2 be a free abelian group of positive rank and u : F 1 → F 2 be a function. Let v : F 1 → F 2 be a variation of u with respect to an isomorphism ϕ :
contains {x 0 } × F 2 for no x 0 ∈ F 1 .
Proof. Since v is a ϕ-moderation of u, it follows that there exists an element m 0 ∈ Z rkF 2 such that
for any x ∈ F 1 . Note that if
is contained in {x 0 } × F 2 for some elements x, y ∈ F 1 , then y is equal to x 0 − x and hence
Consequently,
This proves the lemma.
Theorem 5.6 (Necessary and sufficient condition). Let G 1 , G 2 be subgroups of G such that the intersection G 1 ∩ G 2 is trivial and G 2 is free of positive rank. Let B be a nonempty subset of G 1 . Then the following statements are equivalent.
Proof. The first two statements are equivalent by Theorem 2.3. Suppose B admits a minimal complement M in G 1 . Let X be a (u, ϕ)-bounded spiked subset of G with respect to G 1 , G 2 , having B as its base. By Proposition 5.4, there exists a ϕ-moderation v :
Suppose M v is not a minimal complement of X in G 1 × G 2 . Then for some x ∈ M , the set M v \ {(x , v(x ))} is also a complement to X. Since M is a minimal complement to B in G 1 , it follows that B + (M \ {x }) does not contain x 0 for some element
which is absurd by Lemma 5.5. This contradicts the assumption that M v is not a minimal complement of X in G 1 × G 2 . Hence the third statement follows. Note that the third statement implies the fourth statement. Assume that fourth statement holds. Then some (u, ϕ)-bounded spiked subset X of G with respect to G 1 , G 2 , having B as its base, admits a minimal complement in G 1 × G 2 which is the graph of any ϕ-moderation v of u restricted to some subset M of G 1 . By Lemma 5.5, it follows that
which would be absurd. So M is a minimal complement to B in G 1 . This proves the second statement, which implies the first statement by Theorem 2.3.
Remark 5.7. Note that the image of the minimal complement M v of X (as in the statement of Theorem 4.6) under the projection map
is a minimal complement of B (since it is equal to M ). However, it is not true that the image of any minimal complement of X under the projection map
of the bounded spiked subset
of Z 2 . Its image under the projection map onto the first coordinate is equal to 2Z, which is not a complement of {0}. This example also indicates that it is not true in general that a u-bounded spiked set has the graph of a moderation of u restricted to the minimal complement of its base as its only minimal complement.
Corollary 5.8. Let f : Z → R be a function and let W + (resp.W − ) denote the subset of Z 2 lying 'above' (resp. 'below') the graph of X(Y − f (X)) = 0 (i.e. the union of the y-axis and the graph of Y = f (X)) rotated clockwise by an angle θ, i.e.,
If tan θ is rational 3 , then each of the sets W ± admits a minimal complement in Z 2 [see Fig.8 ].
. Choose integers c, d such that ad − bc = −1. Let G 1 , G 2 denote the subgroups {(x, y) ∈ Z 2 | cx = dy}, {(x, y) ∈ Z 2 | ax = by} of Z 2 respectively. Note that Z 2 is equal to G 1 G 2 , which we identify with G 1 × G 2 via the product map. Let ϕ, u, u denote the maps as defined in the proof of Corollary 3.8. Then it follows that
By Theorem 5.6, the corollary follows.
Corollary 5.9. Let k 1 , k 2 be positive integers and u :
Moreover, for each finite index subgroup G of Z k 2 , the function u has a moderation v G : Z k 1 → Z k 2 which takes values in G, and any subset Y of Z k 1 +k 2 satisfying
and C is a set of coset representatives of G in Z Example 5.10. The set M = {(s, t, −2(s 2 + t 2 ), −(s 4 + t 4 )) ∈ Z 4 | (s, t) ∈ Z 2 } is a minimal complement of W = {(x, y, z, w) ∈ Z 4 | z − x 2 − y 2 < 0, w − x 3 − y 3 < 0} ∪ ({(0, 0)} × Z 2 ) in Z 4 .
Remark 5.11. If u : Z k 1 → Z k 2 is defined by k 2 -polynomials over Z in k 1 -variables, then from Remark 4.10, it follows that v can also be taken to be a function Z k 1 → Z k 2 defined by k 2 -polynomials over Z in k 1 variables.
In fact, a larger class of sets admit minimal complements:
Theorem 5.12. Let G 1 , G 2 be subgroups of an abelian group G such that G 2 is free of positive rank, G 1 ∩G 2 is trivial. Let B be a subset of G 1 with minimal complement M in G 1 . Let u : G 1 → G 2 be a function and
is a minimal complement of X in G 1 × G 2 .
Proof. Since G 2 is a finite index subgroup of G 2 , the existence of a G 2 -valued ϕ-moderation v of u follows from Proposition 5.4. Note that M v is a complement of BG 2 in G 1 × G 2 . So it is a complement of X in G 1 × G 2 . Suppose it is not a minimal complement of X in G 1 × G 2 . Then for some g 1 ∈ M , the set M v \ {(g 1 , v (g 1 ))} is also a complement of X in G 1 × G 2 . Since M is a minimal complement of B in G 1 , there exists an element g 0 ∈ G 1 which does not belong to B + (M \ {g 1 }). Since v is a ϕ-moderation of u, there exists an element m 0 ∈ Z rkG 2 such that the function x → ϕ(v (x) + u(x 0 − x)) defined on G 1 is bounded by m 0 . Let g be an element of g 2 G 2 larger than m 0 . From the proof of Lemma 5.5, it follows that {(x, v(x)) | x ∈ G 1 } + ∩ {g 0 } × G 2 is contained in {g 0 } × ϕ −1 Z rkG 2 <ϕ(u(g 1 )) and hence does not contain g 0 g . Also note that
is contained in G 1 × (G 2 \ g 2 G 2 ), and hence does not contain g 0 g . Moreover, g 0 g does not belong to (M v \ {(g 1 , v (g 1 ))}) + BG 2 . Consequently, g 0 g does not belong to (M v \ {(g 1 , v (g 1 ))}) + X, which is absurd. Hence M v is a minimal complement of X in G 1 × G 2 .
Concluding remarks
We construct several new examples of sets in higher rank abelian groups having minimal complements and in each case, specify one of them.
Example 6.1. The set M = {(t, −3t 2 ) ∈ Z 2 | t ∈ Z} is a minimal complement of
